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The theory of a broadband constant beamwidth transducer (CBT) which is based on Legendre

function shading of a spherical cap was described in a previous report [P. H. Rogersand A. L. Van
Buren, J. Acoust. Soc. Am. 64, 38-43 {1978)]. Theoretical calculations showed the CBT to have
uniform acoustic loading, extremely low side lobes, virtually no nearfield, an essentially constant
beam pattern for all frequencies above a certain cutoff frequency, and a flat transmitting current
response over a broadband for piezoelectric drive. In this paper we present experimental results
obtained for a prototype CBT based on fifth-order Legendre function shading. The transduceris a
spherical cap with a diameter of 30.5 cm and a total cap angle of 50°. Measurements on the CBT
showed it to possess very low side lobes and a nearly constant beamwidth over the frequency range
from 20 to 140 kHz for ambient pressures up to 3.4 MPa. We also present formulas useful in the
design of a CBT which is to be used as a transmitter and/or receiver. The formulas involve simple
algebraic and trigonometric expressions which can be readily evaluated using a pocket calculator.

PACS numbers: 43.88.Ar, 43.30.Yj, 43.30.Jx, 43.20.Px

INTRODUCTION

Most directional acoustic transducers and arrays exhib-
it beam patterns which are frequency dependent. Thus, the
spectral content of the transmitted or received signal varies
with position in the beam, and the fidelity of an underwater
acoustic system depends on the relative orientation of the
transmitter and receiver. In a previous paper’ we described a
simple method for obtaining a transducer whose beamwidth
is essentially independent of frequency over a broad band-
width. Our constant beamwidth transducer (CBT) is a rigid
spherical cap of arbitrary half-angle a shaded so that the
normal velacity on the outer surface is proportional to
P, (cos 8), where P, is the Legendre function whose root of
smallest angle occurs at @ = a. That is, the normal velocity is
a maximum at the center of the cap at & = 0 and decreases
according to P, (cos @) until it is zero at 8 = a. For every
choice of & there is a corresponding choice for v, the order of
the Legendre function. The required value for v is not, in
general, an integer.

Theoretical calculations show that the CBT has uni-
form acoustic loading, extremely low side lobes, and an es-
sentially constant beam pattern for all frequencies above a
certain cutoff frequency. Under piezoelectric drive the trans-
ducer has a flat transmitting current response over a broad-
band. In addition, the CBT has virtually no nearfield; i.e.,
the acoustic pressure distribution (with respect to @ } is essen-
tially the same at all radial distances from near the trans-
ducer surface to the farfield. The surface pressure distribu-
tion as well as the pressure distribution out to the farfield is
approximately equal to the surface velocity distribution.

Although the previous paper' emphasized the transmit-
ter aspects of the CBT, the concept is equally applicable to
receivers. The concept is also applicable to an acoustically
transparent spherical cap. In fact, Trott? has applied the re-
sults presented in an earlier unpublished version of Ref. 1 to
the theoretical design of a receiver CBT using P,(cos &)

= cos @ shading on an acoustically transparent hemispheri-
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cal cap. However, the beam pattern from such a CBT is bi-
directional, containing a backlobe identical to the frontlobe.

In this paper we describe the experimental confirma-
tion of the CBT concept. We present results obtained for a
prototype CBT based on fifth-order Legendre function shad-
ing. We also present formulas useful in the design of a CBT
which is to be used as a transmitter and/or receiver. The
formulas involve simple algebraic and trigonometric expres-
sions which can be readily evaluated using a pocket calcula-
tor. They are based on excellent approximations for the Le-
gendre functions of noninteger order, and thus avoid the
need for evaluating these rarely encountered functions. We
obtain formulas for the required velocity distribution, cutoff
frequency, directivity index, equivalent two-way beam-
widths for volume and surface reverberation, and spherical
cap size. The formulas are presented in Sec. I. Design con-
siderations are discussed in Sec. II. Included are shading
coefficients for a CBT with a stepwise implementation of the
Legendre function shading distribution. The prototype CBT
is described in Sec. I1. Results of measurements on the pro-
totype are given in Sec. IV. Last, Sec. V contains the sum-
mary and conclusions.

i. THEORY
A. Velocity distribution

The key to the special properties of the CBT is its sur-
face normal velocity distribution u(@) given by

ul@)=P,(cos ), 0<O<a,,

ul@)=0, O3a,,
where a, is the zero of smallest angle of the Legendre func-
tion P, (cos 8 ). We showed in Ref. 1 that the CBT need not
extend beyond a,,, and thus can be constructed as a spherical
cap whose half-angle is equal toa, . Consequently, we calla,
the cap half-angle, although in practice the actual cap half-
angle for a P, CBT can possess any value >, . The order v
of the Legendre function can be chosen to be any real num-
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FIG. 1. Variation of the cap half-angle @, and the — 3-dBhalf-angley, asa
function of the Legendre function order v.

ber greater than zero. The corresponding angle a,, decreases
monotonically from near 180° as v increases from just above
zero. However, in order to obtain the reasonably simple de-
sign formulas presented in this paper, we restrict v to be
equal to or greater than unity. This simultaneously restricts
a, to be equal to or less than 90°. We do not expect this
restriction to be of any consequence since there do not ap-
pear to be many (if any) sonar applications calling for a CBT
with a, greater than 90°. If such applications do occur, then
design formulas corresponding to, but more complicated
than, those given in this paper can be obtained for v < 1. The
following approximation for e, , in degrees,

137.796 0.045
~ I — 5 ) (2)
(v+05)\"  (v+0.5)
is correct to within 0.03% for v>1. We present in Fig. 1 a
graph of @, as a function of v. We also include a graph of the
— 3-dB half-angle y.; i.e., the value for @ such that

P2(cos 8) = 0.5. The following approximation for y,, in de-
grees,

v
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FIG. 2. Velocity shading functions of a P, CBT,a P, s CBT,anda P,,CBT.
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FIG. 3. Comparison of P, (cos ) and J4(2.40486 /a ) as a function of 8 /a,
forv=1and 2.
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is believed to be correct to within 0.1% for v> 1.

The Legendre function P, (cos 8 ) is a monotonically de-
creasing function of € in the range 0<6<a, . In Fig. 2 we
show P, (cos 6 ) over this range for v =35, 7.5, and 10. The"
function P, (cos 6 ) can be evaluated to any desired accuracy
by use of its hypergeometric expansion in (1 — cos 6 )/2. For-
tunately, use of this expansion is unnecessary for our pur-
poses. Sufficiently accurate values over the range 0<6<a,
can be obtained using the following excellent approximation
in terms of the zeroth order cylindrical Bessel function of the
first kind:

P, (cos 8 )~[76 /(180 sin 0)]"/* J,(2.40480 /a,,), {4)

with both 6 and a, given in degrees. For v = 1, the error in
Eq. (4) is less than 0.1% for 0<<35°, less than 0.2% for
35° < 8<55°, and less than 0.4% over the remainder of the
range 55° < 8<90°. The error decreases rapidly with increas-
ing v.

For large values of v, the range of @ is small and the
factor [(w6 /(180 sin 8)]'/? approaches unity and can be dis-
carded. Thus for large v, we obtain the simple approxima-
tion

P, (cos 0 )~J,(2.40480 /a ). (5)

Graphs of P, (cos ) and J,(2.40480 /a,) as a function of
8 /a, are shown in Fig. 3 for v =1 and 2. The agreement
between J,(2.40480 /a,) and P, (cos @) for 0<O<a, im-
proves rapidly with increasing v, being reasonably good at
v = 1 and very good for v = 2. Graphs of the closer approxi-
mation given by Eq. (4) for v =1 and 2 would be indistin-
guishable from the curves shown in Fig. 3 for P,(cos 8} and
P,(cos 6), respectively. Accurate numerical values for the
Bessel function J,(x) can either be calculated using the polyn-
omial approximations given in Abramowitz and Stegun® or
obtained from tables such as those given in Refs. 4 and 5.
We obtain from Eq. (4) withv = 1:

Pcos §)=cos 8

~ (76 /(180 sin 8)]'/? J,(2.40486 /90),  (6)

for 0<f<a, = 90°. We can invert this equation to provide
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the following approximation for Jy(x}):

(sin(90x/2.4048))'/2 ( 90x )
Jox) = TEELETEEN T cos (e )
7x/4.8096 2.4048

where the arguments of both sin and cos are in degrees. The
relative error in this approximation increases monotonically
from 0% to a maximum of almost 0.4% as x increases from
zero to just below the first root of J;(x) at x = 2.4048. As x
increases from just above the first root to a value near 7, the
relative error decreases monotonically from nearly 0.4% to
less than 0.01%. Beyond x = m, the relative error increases
rapidly, being 0.4% at x = 3.35 and 4.7% at x = 4.0.

We can substitute J,, from Eq. (7) into Eq. (4) to obtain
the following approximation for P, (cos 8), 0<f<a,, in
terms of trigonometric functions:

(7)

M 6 \ 172
P, (cos & )2(M> cos ( 900) ,

(90/a, )sin 6 8)

a

v

where again the arguments of sin and cos are in degrees.
Because of the nature of its derivation, this approximation is
exact for v= 1. Forv>1and 0 < 8 <, the approximation
is always somewhat larger than P, (cos 8 ). The relative error
forall v > 1 increases as 8 approaches a, and reaches a maxi-
mum of less than 0.4% for values of # just less than «,. We
believe that the approximation given in Eq. (8} is quite ade-
quate for most purposes in designing a CBT.

B. Beam patterns and cutoff frequency

The beam pattern g{6 ) of a P, CBT, i.e., a CBT shaded
according to P,, approaches the square of the normal veloc-
ity distribution in the limit of high frequency. Thus, the
limiting pattern is rotationally symmetrical, has a maximum
in the direction of the axis of the spherical cap, decreases
monotonically to zero at the cap half-angle «,,, and is equal
to zero for >a,. Approximations for both the pattern null
a, and the — 3-dB half-angle p; in terms of v were given as
Eqgs. (2) and (3), respectively, in the last section. Approxima-
tions of the velocity distribution given by Egs. (4), (5), and (8)
are also appropriate for describing the limiting beam pat-
terns.

As the frequency decreases from high to low values, the
CBT beam patterns tend to resemble the high-frequency lim-
it less and less. The highest frequency below which the re-
semblance is less than acceptablé is called the low-frequency
cutoff .. A general rule of thumb for the cutoff frequency f,
in kHz is given by

f: =¢[1.10 +(24.6/y,)] /(15000 ), {9a)

where c is the sound speed of the surrounding fluid in m/s, b
is the half-arclength (i.e., radius) of the spherical cap in me-
ters, and y, is in degrees. This rule of thumb is equivalent to
the one given in Ref. 1 in terms of kb, where k is the wave-
number. By use of Egs. (2) and (3} we can alternately express
/. in terms of the cap half-angle ., in degrees by

110+ (52.5/a,)(1 — 7.79 % 10~%2)
15005 '

Se~ (9b)
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FIG. 4. Frequency constant F, in kHz-m as a function of the — 3-dB half-
angle y, in degrees.

or, in terms of the Legendre function order v by

s 110+ 0.381(v + 0.5)(1 — 0.103/(v + 0.5)]
T 15006 )
(9¢)

If a is the radius of curvature of the cap, then b = maa,, /180.

Since Eqs. (9a) to (9c) are only general rules of thumb,
we use a value of 1500 m/s for the sound speed ¢ when calcu-
lating f. for a CBT to be used in water, even though the
actual sound speed of the water might be somewhat different
than this. The cutoff frequency £, and the inverse of the cap
radius scale together. We define as the frequency constant
for a CBT radiating into water the quantity F, =f.b
= 1.10 + (24.6/y, ). A graph of the behavior of the frequen-
cy constant F, as a function of the — 3-dB half-angle y, is
shown in Fig. 4. We note that the definition for £, given
above differs slightly for low v from that given in Ref. 1. The
difference is only 1.4% at v = 1 and decreases rapidly with
increasing v.

The choice of the frequency below which the beam pat-
terns are unacceptable is a subjective one and depends
strongly on the applications that the user has in mind for the
CBT. As an example, we show in Fig. 5 calculated beam
patterns for a P, ;5 CBT. The — 3-dB half-angle for P, ;5 is
20°. The beam pattern at 10 £, is indistinguishable from the
P, ;5 velocity distribution. The beam pattern at 3 £ for an-
gles less than about 32° is nearly identical with that at 10 £,
however, the two patterns differ somewhat for larger angles.
The same is true for 2 £, although the deviation from the
10 £, beam pattern for 8> 32° is greater. As the frequency is
decreased below 2 £, we begin to see a significant deviation
from the 10 f, beam pattern for 632°. The deviation for
angles above 32° appears to increase monotonically with de-
creasing frequency, however, the deviation below 32° is
greater at 1.2 f, than at £, or 0.8 f.. Examination of the
extrema curves presented in Ref. 1 for P, P, 5, and P,
CBT’s suggests that the portion of the beam pattern around
the — 10-dB angle changes less with frequency than any
other part of the pattern. Thus, if we are primarily concerned
with the constancy of the beam pattern for angles less than
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180°

FIG. 5. Calculated beam patterns for a P, 55 CBT at selected relative fre-
quencies f//..

the — 10-dB angle, and only require that there be no sub-
stantial side lobes for higher angles, then the cutoff frequen-
cy for P, 45 can be chosen as low as 0.8 ... On the other hand,
if constancy of the beam pattern for larger angles is required,
then the cutoff frequency must be chosen somewhat larger
than/,.

Additional information on the theoretical variation of
the CBT beam patterns with frequency is provided in Ref. 1.
There the calculated range of beam patterns is given for a P
CBT, a P, CBT, and a P,, CBT, both for frequencies above
the cutoff frequency £, and for frequencies above 2 f...

C. Directivity index
The directivity index DI for a CBT is given by
1 /180
DI= —10 log,o(? r P2(cos 9 )sin 846 ) (10)
a
Rewriting Eq. (4) so that @ is in radians, substituting the
resulting expression for P, (cos &) into Eq. (10), and integrat-
ing exactly, we obtain the approximation
DI~ — 20 log,, a, + 46.88,

with a,, in degrees.
We can alternatively express the result in terms of v by

(11a)
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use of Eq. (2) to give

DI~20 log,q{v + 0.5) + 4.09 + [0.391/(v + 0.5)*].
(11b)
Equations (3) and (11b} can then be used to obtain the corre-
sponding expressions for DI in terms of the — 3-dB half-
angle y, in degrees:
DI~ —20log,q», + 4029 + 3.09X 10742,  (l1¢)

All three approximations are accurate to within 0.1 dB for
v = 1, and increase rapidly in accuracy with increasing v.

D. Volume reverberation

Volume reverberation is characterized by an equivalent
two-way beamwidth. The integral expression for this quanti-
ty®is

o= L J: b(6,4 )b (0,8 sin 6 d6 df, (12)

where b (6,4 )and b ‘(6,4 ) are the beam patterns of the projec-
tor and receiver, respectively, and (6,4 ) are the standard
spherical angles with the z axis being the principle direction
of radiation. For the case where b{6,¢)
=b‘(6,4) = P%(cos 9), we have

/180
p=2m Jm P*(cos O)sin 6 d6. (13)
(1]

We rewrite the approximation for P, (cos 8} given in Eq. (5)
so that @ is in radians and substitute in Eq. (13). Replacing
sin 8 by 0, expanding J,(z) in the first three terms of its power
series, multiplying out J §(x), integrating the result term by
term, and adding a correction term necessary for low v, we
obtain ’

¥~0.000147%(1 + 6.84 X 10~ %a2), (14)
where a, is in degrees. We can also express this in terms of
the — 3-dB half-angle y, in degrees:

¥=~0.00067 y2(1 — 3.65X 10732}, (15)
or, expressed in dB,

10 log,q =20 log,oy, — 31.7 — 159X 10742, (16)

This result is nearly identical to that for a circular plane
array (circular piston) in an infinite rigid baffle. A similar
result of a polar cap on a sphere acting as a circular piston
was reported earlier by Butler and Ehrlich.” The inaccuracy
in the approximations given in Eqs. (14) and (15) is less than
1%, while that of Eq. (16) is less an 0.1 dB.

E. Surface reverberation

Surface reverberation is characterized by a correspond-
ing two-way beamwidth & given by the integral expression®

27

P=| b(0g)b'(0P)ds. (17)
(]
For a P, CBT projector and receiver:
mar, /180
¢=2J- P?(cos 0)d6. (18)
0

Use of the procedure described above in the previous section
for obtaining Eq. (14) leads to the following approximation
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for @, accurate to within 1%:
®~0.0123a (1 + 7.93 X 10 %a2), (19)

with a, in degrees. We can alternatively express @ in dB
accurate to within 0.1 dB in terms of the — 3-dB half-angle
y, in degrees: :

10 log,o P~10 log,, ¥, — 15.8 —9.77X 1073 2. (20)

This result is about 3 dB lower than the value quoted for the
circular plane array by Urick® in his Table 8.1. However, a
close inspection of the problem reveals that Urick’s values
for 10 log,, @ for the circular plane array, the rectangular
array, and the horizontal line are all in error by 3 dB. This is
probably due to a factor of 2 error in the transcription by
Urick of previous results expressed in terms of a surface re-
verberation index J,. This surface reverberation index was
definedtobeJ, = 10 log,o(®P /2), as opposed to the volume
reverberation index J, = 10 log,q(1//4).

Evaluation of the surface reverberation for nonzero val-
ues of @ is more difficult than for 8 = 0. Simple expressions
are not likely to exist for this case. Numerical integration
appears necessary for each desired value for 8 and v. How-
ever, the simplest case of v =1 can be solved analytically
and yields

® (8 = 8;) = cos* 6,® (0 =0), (21)
or _
P (6) = P1(cos o) (0), (22)
or, in dB, )
10 log,, @ (6,) = 10 log,,@ (0) + 40 log,, Py(cos 6,).
(22a)

Based on this result, we might expect that the more general
expression

10 log,, @ (0,) = 10 log,,P (0) + 40 log,, P, (cos ;)
(23)
is a good approximation for small values of 4,

F. Spherical cap size

As stated earlier, the special radiation properties of the
CBT result from the presence of a normal velocity distribu-
tion over the outer surface of a spherical cap given by
u(@) = P, {cos 8) for 0<O<a, and u(@) =0 for 6>a,. The
cap half-angle must be at least as large as «, ; to minimize the
size and weight of the CBT we choose the cap half-angle
equal to a,,. A cross-sectional view of the spherical cap for a
P; CBT is shown in Fig. 6.

In order to determine the radius b of the spherical cap
{i.e., the half-arclength, not to be confused with the radius of
curvature a of the cap) required for a CBT, we need first to

specify the desired beam pattern. Typical choices for specify-

ing the beam pattern are ¢, or the — 3-dB half-angley, . The
order v of the Legendre function shading corresponding to
¥, or a, can be calculated using the following approxima-
tions {accurate to within 0.1% for a, <90° and p, <45°):

v~(64.540/y, )(1 + 2.26 X 10~ 52) — 0.5 (24a)
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SPHERICAL CAP

FIG. 6. Cross-sectional view of the spherical cap for a P; CBT. Arrows
indicate the relative surface velocity distribution. The cap radius b is mea-
sured on the outer spherical surface.

and
v==(137.796/a }(1 — 2.43 X 10~%a2) — 0.5. (24b)

We must next specify the lowest desired operating fre-
quency f, of the CBT. We can now calculate the required cap

radius in meters by use of
b=c[1.10 + (24.6/y,)]/(1500 1), (25a)

or

1~

1.10 + (52.5/a,)(1 — 7.79X 10~ a2
C:
1500 £,

where the sound speed c¢ of the surrounding fluid is in m/s,
f. isin kHz, and y, and a, are in degrees.

, (25b)

Il. DESIGN CONSIDERATIONS

The most abvious choice for the transduction material
in the CBT for underwater applications is a piezoelectric
ceramic such as lead zirconate-titanate. Experimental re-
sults show that it is difficult if not impossible to control the
velocity distribution over a spherical cap consisting entirely
of a single piece of piezoelectric ceramic. The presence of a
variety of mechanical vibration modes in the ceramic cap
produces a velocity distribution that is highly frequency de-
pendent. We can avoid this problem by subdividing the ce-
ramic cap into small pieces. We choose the lateral dimen-
sions of each individual ceramic piece small enough so that
there are no lateral vibration modes in the frequency band of
operation that are sufficiently excited to significantly affect
the normal velocity of the piece. We also choose the thick-
ness of the ceramic pieces so that the lowest thickness me-
chanical resonance occurs well above the maximum operat-
ing frequency. The resulting mosaic can be attached to a
backing plate that is mechanically rigid enough to maintain
the shape of the spherical surface under operating condi-
tions.

It is desirable to mechanically and acoustically isolate
the ceramic from the backing plate by a thin layer of decou-
pling or pressure-release material such as corprene. This pre-
vents the backing plate from vibrating and producing unde-
sired acoustic radiation in the backward (6—180") direction.
It also prevents the normal velocity distribution from being
adversely affected by mechanical resonances that might oth-
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erwise be excited in the backing plate. We can also eliminate
undesired acoustic radiation from the edges of the piezocera-
mic pieces by covering them with small strips of corprene.

We believe that corprene can be used as a decoupling
material to a water depth of about 340 m without incurring
significant changes in performance of the CBT. When the
water depth is greater than about 340 m, however, the cor-
prene is substantially compressed by the ambient water pres-
sure and becomes too stiff to be effective in decoupling the
ceramic from the backing plate. If the required water depth
is too great for a pressure-release material to be successful in
decoupling the ceramic from the backing plate, the backing
plate probably must be made nearly acoustically rigid in or-
der to prevent substantial acoustic radiation in the backward
direction. In this case, the backing plate can no longer be
lightweight but must be made of material with a large mass
density-sound speed product such as steel or tungsten.

The inner and outer surfaces of the ceramic pieces are
electroded so that a suitable voltage can be applied across
them. For maximum electromechanical coupling, each ce-
ramic piece is polarized through its thickness. The resulting
normal velocity distribution over the surface of each piece is
assumed to be reasonably constant. We can stepwise ap-
proximate the continuous velocity distribution
u(@)= P, (cos §) by driving each ceramic piece with a vol-
tage whose magnitude is proportional to the average value of
P (cos 6 )over its outer surface. Since the desired CBT veloc-
ity distribution is rotationally symmetrical, we first subdi-
vide the spherical cap into N bands, with constant @ boun-
daries. A natural subdivision scheme to use is one with equal
angular-width bands. Numerical calculations show that sub-
division into ten bands of equal angular width results in ex-
cellent constant beamwidth behavior over a large frequency
range extending from the low-cutoff frequency f. for the
continuous velocity distribution to an upper frequency limit
/., that depends on the size of the bands. Alternatively, we
can subdivide the cap into N bands of equal area. We deter-
mined that eight equal area bands are sufficient to produce
constant beamwidth behavior, although the top two bands
are so much wider than the lower six bands that they prob-
ably require further subdivision to suppress possible lateral
plate modes in the ceramic. Because of the need to suppress
lateral plate modes, we recommend that the CBT be subdi-
vided into at least ten bands whose angular widths are rea-
sonably close to being equal. However, if lateral plate modes
are not a problem, any subdivision scheme is acceptable as
long as there are at least eight bands, none of which possesses
both an angular width greater than 0.1 @, and an area
greater than 0.125 times the area of the cap.

A CBT with a stepped velocity distribution possesses an
upper frequency limit because the center of the farfield pat-
tern for the acoustic radiation from a single uniformly vi-
brating band on a sphere exhibits interference maxima and
minima as a function of frequency. These extrema occur
when the projected height of the band along the axis of the
cap; i.e., along the z or polar axis in spherical coordinates,
equals an integral number of half-wavelengths, mA /2. Odd
values of m correspond to maxima and even values corre-
spond to minima. A discussion of this effect is givenin Ref. 1,
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although it was erroneously stated there that odd values of m
correspond to minima and even values correspond to maxi-
ma.

Thus, the central part of the radiation pattern fora CBT
consisting of N uniformly shaded bands may differ substan-
tially from the desired constant beamwidth pattern when the
frequency is high enough for one or more of the individual
bands to exhibit interference extrema. The band with the
largest projected height, which is also the band with the lar-
gest area, has the lowest extrema frequency. A conservative

" rule of thumb for the upper frequency limit £, is 1.5 times the

frequency of the first maximum (m = 1) for the band of lar-
gest area, excluding those bands for which the value of
P (cos @) is less than about 0.2. We can express this rule of
thumb mathematically by

f, =0018a} f./[(a, + 471.7)(cos 6, — cos 8y)], (26)

wheref, and f, are in the same units, the cap half-angle o, is
expressed in degrees, and 8, and 8, are the lower and upper
angular limits of the relevant band.

The interference effects described above are predicted
on an ideal geometry and a uniform velocity distribution
across each band. The extrema might not be very pron-
ounced in the real world of nonideal geometries and nonuni-
form velocity distributions. In this case, the transducer
could possess good constant beamwidth properties well
above the frequency f,. To be on the safe side, however, we
recommend subdivision into as many bands as are required
to raise f,,, as calculated from Eq. (26), above the highest
desired operating frequency.

A second factor that determines the upper frequency
limit is the shape and size of the ceramic pieces used in the
mosaic. If the pieces are not identical in shape and size, the
upper frequency limit for constancy of both the beam pattern
and the transmitting current response is somewhat less than
the fundamental resonance of the largest piece. On the other
hand, if truly identical pieces can somehow be obtained, they
will respond identically with frequency since the acoustic
loading is uniform over the entire spherical cap. In this case,
the occurrence of a resonance will affect the surface normal
velocity magnitude but not its distribution and, thus, the
beam pattern will remain constant. Of course, the transmit-
ting current response will follow the frequency dependence
of the velocity magnitude, increasing somewhat as the fun-
damental resonance is approached and decreasing rapidly
above resonance. This rapid decrease in response above reso-
nance places a practical upper frequency limit on the CBT.

A third factor that provides an upper frequency limit
for a CBT occurs when the outer cap surface is not complete-
ly covered with ceramic. In this case, grating-type secondary
lobes in the beam pattern can be produced by interference
between the individual ceramic pieces in each band. These
undesired lobes begin to occur when the spacing between the
individual pieces approaches a half wavelength. This effect
will be seen in the experimental results presented in Sec. IV
for our prototype CBT which contains circular ceramic
pieces.

When the CBT consists of a closely packed array of ¥
bands, each band is then driven with a voltage E;, i = 1,2,...,
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N, that is proportional to the average of the velocity distribu-
tion over the ith band; i.e.,

2nB

E, = B (P,(cos 0), = 2= “P.(cos 8)sin 046,  (27)

where 8, and 6, are the upper and lower bounds on 8 for
the ith band, B is the constant of proportionality, and { ),
denotes the average over the ith band. The quantity A4, is the
solid angle subtended by the jth band and is equal to
2m(cos 8;; — cos 6;).

i J6u We can evaluate this integral exactly to give
J
E —B (Pv+ 1(cos 8,) —cos 8, P, (cos 6,;) — P, , (cos 8,) + cos By, P, (cos BUI)) (28)
' vicos 8;, — cos 8)

Numerical tables of Legendre functions of noninteger order are not readily available. Therefore, we express E, in a trigonome-
tric series by substituting into Eq. (27) the hypergeometric expansion of P, (cos ) in terms of {1 — cos )/2 and integrating

term by term. This gives

B s (=) Tw+r+1)

cos &y, —cos Oy, o Air+ W (v—r+1)2

where the ratio of gamma functions I'(v+r+ 1)/
I’ (v — r + 1) equals unity for » = 0 and equals the following
finite product otherwise:

Fv+r+1)Ly—r+1)
=v—r+ljiv—r+2).(v+r), rs#0 (30)

It is seen from Eq. (30) that the ratio of gamma func-
tions equals zero when v is an integer and 7 > v. In this case
the Legendre function P, (cos 8} is a polynomial of order v so
that its integral and thus the series of Eq. (29) is a polynomial
of order v + 1. For v unequal to an integer the series con-
verges rapidly since cos 8, and cos 6, are usually quite
close to each other and to unity. Convergence to four deci-
mal digits rarely requires more than six or seven terms in the
series. There are no approximations involved in Eq. (29);
therefore, the error in E, can be reduced to any desired value
by taking enough terms in the series. However, extreme ac-
curacy is unnecessary. Theoretical calculations show that
inaccuracies in shading much greater than 1.0% are easily
tolerated without significant changes in the radiation prop-
erties of a CBT.

We assumed above that the entire outer surface of the
cap from § = Oto 8 = a,, was covered with N distinct bands
of ceramic. To suppress possible lateral mechanical modes in
the ceramic, we subdivide each band into a number of suffi-
ciently small pieces whose width {extent in the ¢ direction)
and height (extent in the 8 direction) are comparable. We
then connect all the pieces in each band electrically in paral-
lel. This procedure results in each ceramic piece being driven
with a voltage proportional to the average value of P, (cos 6 )
over the band in which it is located instead of the average
value over the outer surface of the piece itself.

If the outer cap surface is not entirely covered with ce-
ramic, then the required voltage shading values E, are ob-
tained by dividing the expressions given above in Egs. (27) to
{29) by the packing fractions F, to obtain E| = E,/F,. The
packing fraction F, is defined to be that fraction of the area of
the ith band that is covered by ceramic. Calculations for
CBTs where the cap surface is not entirely covered with ce-
ramic; .g., when circular elements are used, showed that the
constant beamwidth properties are preserved even when the
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E = [(1 —cos By )+ ' — (1 —cos B, )], (29)

|

packing fraction is as low as 30%. Of course, as the packing
fraction decreases, the frequency at which grating-type lobes
begin to occur also decreases thereby reducing the frequency
band of operation.

Additional design information for a CBT based on a
mosaic of piezoelectric ceramic is given in Ref. 8. Included
are expressions for the source level, transmitting voltage and
current responses, and receiving voltage sensitivity. We note
an error in several of these expressions. The factor F; should
be removed from Egs. (47)~(49) and (51) since these were
derived for a close-packed mosaic with a packing fraction of
unity for all bands. The corresponding expressions, when the
mosaic is not close packed, can be obtained by inserting the
factor F| into the numerator of the right-hand side of Eq. (40)
and carrying it through the calculations to Eq. (45), retaining
F, in Egs. (47) and (48), but still removing F, from Egs. (49)
and (51). This assumes that E,/F), is larger than E /F for any
other band so that the voltage applied to the CBT is applied
unshaded to the first band and reduced by the factors E,F,/
E\F, for each of the other bands. If some other E /Fis largest,
say for the I th band, then the voltage is applied unshaded to
the 7 th band and reduced by the factors E, F,/E, F, for each
of the other bands. In this case, the equations in Ref. 8 are
modified as indicated above except that the factor E,F,/E,
is used instead of the factor F|.

lil. PROTOTYPE CBT

We designed and constructed a prototype CBT based
on P, Legendre function shading for use in the Underwater
Sound Reference Detachment’s (USRD) Anechoic Tank Fa-
cility. A P; CBT has a cap half-angle of 25.0° and a theoreti-
cal beam pattern with a — 3-dB half-angle of about 11.8°, as
calculated using Eqgs. (2) and (3), respectively. We selected a
cap radius of 15.25 cm (radius of curvature equal t0 0.349 m)
This provides a cutoff frequency for operation in water of
20.9 kHz, as calculated using Eqgs. (9).

The spherical cap is an aluminum plate in which 849
circular cavities, 0.805 cm in diameter and 0.623 cm deep,
have been machined in a closely spaced pattern consisting of
16 concentric bands surrounding a center cavity. A circular
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FIG. 7. Front face of the prototype CBT when partiaily assembled.

disk element, 0.635 cm in diameter and 0.318 cm thick, of
lead zirconate-titanate [MIL-STD-1376 (SHIPS) type I pie-
zoelectric ceramic] is inserted into each circular cavity with
the front face of the disk flush with the front face of the plate.
All of the disks are electroded both front and back and polar-
ized through their thickness. We placed a strip of corprene,
0.085 cm thick, around the edges of each disk and a layer of
corprene, 0.305 cm thick, behind each disk in order to me-
chanically isolate the disks from the aluminum plate.
Figure 7 shows the transducer face during construction
with the six inner bands already assembled. After all the
bands were assembled, we connected all of the elements in
each band in parallel. The center disk is considered to be part
of the first band, resulting in seven disks for that band. The
common negative lead was obtained by soldering a wire to
each of the outer faces of the disks in the band and then
passing this wire through a hole with an insulated sleeve to
the back of the aluminum plate. During assembly, individual
positive leads were attached with conducting epoxy to the
back face of each of the disks. These leads were passed
through small holes with insulated sleeves to the back of the
aluminum plate. The common positive lead was obtained by
soldering each of the individual positive leads in the band to

a circular wire buss.
When all of the electrodes were in place, the aluminum

plate was connected to a stainless steel backing plate de-
signed to provide a watertight air cavity capable of with-
standing the hydrostatic pressure {up to 6.9 MPa) encoun-
tered in the anechoic tank. A removable part in the center of
the backing plate provides access to the cavity. The part con-
tains a high-pressure bulkhead connector for attaching the
transducer’s electrical cable. An acoustic window 0.32 cm
thick was cast over the entire front face to provide water
integrity. RHO-C rubber was used in order to minimize po-
tential adverse acoustic effects of the window. The complet-
ed transducer is shown in Fig. 8.
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FIG. 8. Prototype constant beamwidth transducer.

IV. EXPERIMENT

We tested the prototype CBT in the Anechoic Tank
Facility at frequencies from 10 to 200 kHz and at ambient
pressures up to 3.4 MPa. The CBT was operated as a projec-
tor although it is equally usable as a receiver.

The band shading was accomplished by placing capaci-
tors in series with each band to form a voltage divider. By
measuring the total capacitance of the active elements in a
band, the series capacitance required to produce the desired
signal voltage across the elements could be calculated. The
desired relative voltage levels for the bands were determined
by first computing E, using Eq. (28), dividing by the band
packing fractions ¥,, and then dividing by the nominal val-
ues of the piezoelectric constant d,; for each band. The 849
piezoceramic disks had been presorted according to dy, val-
ues prior to installation in order to obtain high uniformity
throughout each band. The shading capacitors were in-
stalled in the transducer cavity.

We encountered great difficulty in accurately maintain-
ing the required shading of the bands throughout the desired
frequency range. It was determined that the capacitance of
the active elements changed significantly as a function of
frequency {and temperature). We were unable to find shad-
ing capacitors which matched this frequency (and tempera-
ture) dependence. This made it necessary to change the shad-
ing capacitance at each frequency {and temperature} in order
to regain the proper shading. To accomplish this, the inter-
nal shading capacitors were removed and an external shad-
ing box was constructed.

The shading box consisted of 16 sets of fixed and vari-
able capacitors connected in series with the active elements
through 16 coaxial cables. The box permitted monitoring of
the signal voltage across the elements in each band and ad-
justment of the shading capacitance while the transducer
was mounted in the anechoic tank. Shading adjustments
were required whenever the measurement frequency was
changed. No new adjustments were required when the hy-
drostatic pressure was changed.
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We obtained directivity beam patterns by rotating the
CBT and monitoring its transmitted acoustic pressure witha
USRD type F50 hydrophone located 2 m away. The beam
patterns for several frequencies are shown in Fig. 9. These
patterns show a nearly constant beamwidth over the fre-
quency range from 20 to 140 kHz. They also possess very low
side lobes throughout this frequency range. As the frequency
was increased above 140 kHz, however, the side lobes in-
creased markedly until they were only about 6 dB below the
mainlobe at 200 kHz. The patterns were virtually unchanged
as the hydrostatic pressure was increased from ambient pres-
sure to 3.4 MPa (corresponding to 340 m of water depth).

The transmitting current response for the prototype
CBT is shown in Fig. 10. The measured results are indicated
by the solid curve while the corresponding theoretical values
are given by the dashed curve. We obtained the theoretical
values by computer calculations based on measured dielec-
tric and piezoelectric properties of the individual circular
disk elements used in the CBT. At low frequencies the mea-
sured results are uniformly about 4 dB below theoretical
predictions. This difference is probably attributable to the
presence of a large amount of corprene on the radiating sur-
face of the transducer; over 21% of the area is covered with
corprene. The corprene has a relatively high compliance
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compared with water and tends to “short circuit” a signifi-
cant fraction of the volume velocity produced by the motion
of the circular disks. A resulting reduction in the radiated
acoustic pressure of several decibels is not surprising. The
valley in the theoretical curve near 140 kHz is due to a local
minimum in the individual element capacitance. Theoretical
results obtained for a close-packed array of ideal clements
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FIG. 10. Transmitting current response of the prototype CBT. Measured
results are indicated by the solid curve, theoretical values by dashed curve.
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show a virtually flat transmitting current response above
about 60 kHz.

The difference between theory and experiment in-
creases and then decreases as the frequency increases above
35 kHz due to the effect of a broad resonance at about 180
kHz. This resonance is probably mechanical since it is well
below the lowest resonance frequency of about 290 kHz noti-
ceable in the input electrical impedance of a single circular
disk element. Even with an unwanted resonance present, the
transmitting current response varies by less than 6 dB over
the broad frequency range from 10 to 120 kHz. It is impor-
tant to note that the prototype design was selected to mini-
mize construction costs and is in no way optimum; for exam-
ple, the use of corprene will be significantly reduced in future
designs.

V. SUMMARY AND CONCLUSIONS

We have presented design formulas for a constant
beamwidth transducer based on Legendre function ampli-
tude shading of a spherical cap. Included are simple algebra-
ic and trigonometric expressions for the required velocity
distribution, beam patterns, directivity index, equivalent
two-way beamwidths for volume and surface reverberation,
spherical cap size, and shading coefficients for a stepwise
implementation of the velocity distribution. Most of the ex-
pressions are extremely accurate approximations for diffi-
cult-to-evaluate expressions in terms of Legendre functions
of fractional order.

We designed and constructed a prototype CBT based
on P, shading. The measured directivity patterns possessed
very low side lobes and a nearly constant beamwidth over the
frequency range from 20 to 140 kHz and for ambient pres-
sures up to 3.4 MPa. The results show that, with the proper
design and shading, a transducer can be constructed which
has a relatively constant beamwidth over a large frequency
range. The only significant problem remaining is maintain-
ing the shading throughout the desired frequency range. It is
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believed that this problem can be solved by installing a sepa-
rate amplifier for each band of active elements. Power ampli-
fiers would be used if a projector were desired or preampli-
fiers for a receiver. These amplifiers could be installed inside
the transducer housing. The shading could be accomplished
by adjusting the gain of each amplifier. This would decouple
the shading from changes in the capacitance of the active
elements. A single transducer could function as both a pro-
jector and a receiver by installing both types of amplifiers
and employing remote switching to select the proper type.
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